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Abstrat
We study the evolution of both salar and tensor osmologial perturbations in a
Randall-Sundrum braneworld having an arbitrary expansion history. We adopt a four
dimensional point of view where the degrees of freedom on the brane onstitute an
open quantum system oupled to an environment omposed of the bulk gravitons. Due
to the expansion of the universe, the brane degrees of freedom and the bulk degrees
of freedom interat as they propagate forward in time. Brane exitations may deay
through the emission of bulk gravitons whih may esape to future innity, leading to a
sort of dissipation from the four dimensional point of view of an observer on the brane.
Bulk gravitons may also be reeted o of the urved bulk and reabsorbed by the
brane, thereby transformed into quanta on the brane, leading to a sort of nonloality
from the four dimensional point of view. The dissipation and the nonloality are
enoded into the retarded bulk propagator. We estimate the dissipation rates of the
bound state as well as of the matter degrees of freedom at dierent osmologial
epohs and for dierent soures of matter on the brane. We use a near-brane limit of
the bulk geometry for the study when purely nonloal bulk eets are enountered.
1 Introdution
Randall and Sundrum introdued a braneworld model with an innite extra dimension [1℄
where our observable universe is a four dimensional hypersurfae, the brane, embedded into
a ve dimensional Anti-de Sitter (AdS) bulk spaetime. The urved geometry of AdS spae
indues an eetive ompatiation in the extra dimension through its urvature radius
ℓ and thus prevents four dimensional (4d) gravity from leaking into the extra dimension.
Consequently, standard 4d Einstein gravity is reovered at large distanes on the brane.
Corretions to the Newton square inverse fore law arise at sales smaller than ℓ [2℄ (in
urrent experimental tests of Newton's law, ℓ . 0.1 mm [3℄). Spatially homogeneous and
isotropi osmologial bakground solutions in the Randall-Sundrum (RS) model have been
found [4℄. These solutions inlude an additional term quadrati in the energy-momentum
tensor in the Friedmann equation, ausing signiant modiations of the standard os-
mology at high density. In the language of string theory, all the Standard Model elds
are onned to the brane. Only the gravitons propagate in the entire bulk spaetime. It
is hoped that the presene of an innite extra dimension may be tested by osmologial
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observations, suh as the measurements of temperature and polarization anisotropies of the
Cosmi Mirowave Bakground (CMB).
Cosmologial perturbation theory about the osmologial bakground is an essential
tool to probe the presene of extra dimensions. In braneworlds, osmologial perturbation
theory is more ompliated than in standard 4d osmology beause the brane breaks the 5d
spatial homogeneity and isotropy of the bulk. Consequently, the linearized equations are no
longer ordinary dierential equations (ODE) in time but beome partial dierential equa-
tions (PDE) in time and the extra dimension. Analyti solutions to osmologial perturba-
tions have however been found for the maximally symmetri ases of a Minkowski brane or
a pure de Sitter brane [1℄, [5℄. In these speial ases of higher symmetry the spetrum of 5d
gravitons inludes one disrete mode bound to the brane (if the bulk is Z2-symmetri) and
a ontinuum of free modes. From the point of view of an observer on the brane, the bound
state is interpreted as the 4d massless graviton and reprodues standard 4d Einstein gravity
on the brane. The ontinuum is interpreted as 4d massive Kaluza-Klein (KK) gravitons
whose interation with the brane degrees of freedom is suppressed at low energy. In order
to explore observational signatures for the presene of extra-dimensions, it is neessary to
ompute the evolution of osmologial perturbations in the more realisti ase of a brane
having a time-dependent stress-energy, i.e. a Friedmann-Robertson-Walker (FRW) brane,
for instane with an ination era followed by a radiation/matter dominated era. Several
formalisms exist for evolving linearized perturbations in a braneworld senario [7℄. Here we
use the formalism of Mukohyama [8℄. The main diulty is that, exept for the ase of an
uniformly aelerated brane (at brane or de Sitter brane) where analytial solutions have
been obtained, the equations are generally not separable beause of the ompliated motion
of the expanding brane in the bulk (a review on osmologial perturbations in expanding
braneworlds is given in referene [12℄). This problem has been investigated numerially
and a number of interesting results have been obtained [14, 15, 16, 17, 18, 19, 20, 21, 22℄.
The braneworld perturbations problem is in priniple entirely solvable numerially one
the initial vauum in AdS is known. However the speiation of initial onditions in the
bulk poses a problem of more fundamental nature. There is no unique physially motivated
hoie of initial onditions for an AdS bulk bakground [24, 25℄ (quite unlike the situation
for dS spae). Consequently the results of these numerial studies are subjet to ertain
assumptions onerning the initial onditions.
Five dimensional transverse and traeless metri utuations desribe the true bulk
gravitational waves (5d gravitons) and ontain ve degrees of freedom (d.o.f). By "projet-
ing" the ve d.o.f onto a at stati brane, they split into tensor perturbations (the two d.o.f
of the 4d graviton), vetor perturbations (the two d.o.f alled "graviphotons") and salar
perturbations (one d.o.f alled "gravisalar"), in a SO(3) representation. This "projetion"
is somewhat ambiguous in the ase of an arbitrary motion of the osmologial brane. In
this ase it is more onvenient to use diretly the SO(3) symmetry of the unperturbed
spaetime to deompose the linear perturbations into tensor, vetor and salar perturba-
tions. The advantage of this deomposition is that salar, vetor and tensor perturbations
evolve independently at linear order. Tensor perturbations are transverse and traeless
and are the easiest to deal with. They orrespond to 4d gravitational waves and propagate
freely into the bulk, independently of the presene of matter on the brane. By denition
tensor perturbations are automatially gauge-invariant at linear order. Their wave funtion
obeys an equation similar to a Klein-Gordon equation for a massless salar eld minimally
oupled to gravity. The Israel juntion onditions redue merely to Neumann boundary
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onditions on the brane. Vetor and salar metri perturbations are more ompliated to
deal with beause of their oupling to matter on the brane. Mukohyama has shown that,
in the absene of matter in the bulk, salar (as well as vetor) perturbations in the "5d
longitudinal" gauge an be derived from a single salar master eld, whih obeys a ve
dimensional wave equation [8℄ (see also [9℄). For vetor perturbations, the boundary ondi-
tions for the master eld are Dirihlet boundary onditions. In the more interesting ase of
salar perturbations, the master eld satises more ompliated "nonloal" boundary on-
ditions on the brane
1
. Some authors have shown the onnetion between the master eld
formalism and the formalisms in dierent gauges [10℄. Although there has been progress in
braneworld osmologial perturbation theory, there are a few quantitative preditions for
the evolution of osmologial perturbations in expanding braneworlds.
In this paper we study the evolution of osmologial perturbations of a FRW brane
having an arbitrary motion in the AdS bulk. The goal of this work is to estimate the order
of magnitude of the extra dimensional eets. Instead of looking for exat solutions to
the perturbation equations, we are primarily interested in the role of the bulk gravitons in
the brane-bulk interation, following the ideas developed in the artile of Binetruy, Buher
and Carvalho [26℄. When the Hubble parameter on the brane hanges with time, the a-
eleration of the brane in the bulk also hanges and gravitons are emitted into the bulk.
These may esape to future innity or they may be reabsorbed by the brane beause of
reetions of the emitted gravitons o of the urved AdS bulk. From the point of view of
an observer on the brane, these proesses appear to generate dissipation and nonloality
[26℄. Here these bulk indued eets are enoded into the retarded bulk propagator, whih
is systematially inserted into the eetive brane propagator by doing a resummation of the
bulk bakreation eets at all order in the brane-bulk oupling. The approah used in this
work is a four dimensional perspetive that regards the degrees of freedom loalized on the
brane universe as an open quantum system oupled to a large environment omposed of the
bulk gravitons. In the language of non-equilibrium quantum eld theory, the bulk propa-
gator plays the same role as a self-energy, dressing the bare elds omposed of the disrete
degrees of freedom loalized on the brane. In this work we estimate the magnitude of the
deay rate of the graviton bound state by studying the evolution of tensor perturbations
in the frame of a osmologial brane with an arbitrary expansion history embedded in a
Z2-symmetri AdS spae. Some authors obtained analytial results for the order of magni-
tude of the modied power spetrum for tensor perturbations, in the simplied braneworld
model where the Hubble fator on the brane hanges instantaneously [11℄. Here we onsider
a more realisti model where the Hubble fator hanges ontinuously and adiabatially in
the sense that H˙ ≪ H2. We also work out the dissipation of purely loalized brane degrees
of freedom, suh as an adiabati perfet uid or a slowly rolling salar eld on the brane,
by studying the evolution of salar osmologial perturbations and the oupling between
metri and matter perturbations. We use Gaussian normal (GN) oordinates, where the
extra dimensional oordinate measures the proper distane from the brane and the position
of the brane in the bulk is xed. GN oordinates have also the advantage of simplifying
the form of the perturbed boundary onditions on the brane. The main drawbak of GN
oordinates is the presene of oordinate singularities in the bulk at a nite distane from
1
The term nonloal for the boundary onditions has nothing to do with the nonloality studied in this
paper whih is due to the information oming from the bulk. As it was stressed in [6℄, the terminology
nonloal for the boundary onditions is not appropriate, although it is frequently used in the literature,
beause they ontain only a nite number of derivatives.
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the brane, despite the bulk spae being regular and extendable beyond the singularity by
hoosing another set of oordinates. Beause of the arbitrary motion of a FRW brane
in AdS spae, the metri omponents in GN oordinates have a ompliated form whih
renders the equations of motion not separable. That is why we use a near-brane limit to
perform the separation, atually only when purely nonloal interations arise between the
bulk degrees of freedom and the brane degrees of freedom that are onsidered. This limit
an be legitimized in the Randall-Sundrum model beause the support of the wave funtion
of the bound state is loalized near the brane. We think that physis near the brane is
suitable to desribe dissipative eets in braneworlds. In order to fous our attention on
the dissipative eets, we may approximate at high energy (Hℓ ≫ 1) the inhomogeneity
of the bulk responsible for baksattering of gravitons in the bulk and subsequent nonloal
eets on the brane. This approximation is disussed in setion 6.1.
The paper is organized as follows. In setion 2 we introdue the dissipative and nonloal
eets whih appear in braneworld osmology and we present the self-energy approah
used in the paper to study these eets. In setion 3 we briey reall the osmologial
perturbation theory in braneworlds. In setion 4 we explore the salar perturbations and the
brane-bulk interation for a slowly rolling salar eld on the brane. We apply our method
to ompute the loal dissipation rate of the inaton perturbation due to the interation
with the bulk. In setion 5 we ompute the Gaussian normal metri of AdS spae with
general Friedmann-Robertson-Walker (FRW) slies and present the near-brane limit of
this geometry, whih will be used as an approximation to evaluate the nonloal orretions
arising in the brane-bulk systems onsidered in the next setions. In setion 6 we study
the tensor perturbations and ompute the dissipation rate of the graviton bound state. In
setion 7 we study the salar perturbations for an adiabati perfet uid on the brane. We
present our onlusions in setion 8.
2 Dissipation and nonloality in the expanding braneworld
Cosmologial perturbations theory for the Randall-Sundrum model has been solved ana-
lytially for speial brane universes where the Hubble fator on the brane H is onstant. In
these ases the four dimensional universe is stati (H = 0) or follows a uniform expansion
(H > 0). In the rst ase the Minkowski brane is at rest with respet to the ve dimen-
sional Anti-de Sitter (AdS) bulk, whereas in the seond ase the pure de Sitter (dS) brane
follows a uniformly aelerating trajetory in the AdS bulk. The equations for the pertur-
bations may be redued to a Shrödinger-like equation. The presene of the brane within
the bulk reates a δ-funtion potential well, while the urvature of the AdS bulk reates
a dereasing barrier potential (Fig. 1). The resulting volano-like potential gives rise to a
single brane bound mode, the zero mass mode m = 0, in the spetrum of the linearized
Einstein equations, surrounded by a ontinuum of massive Kaluza-Klein free modes, with
m ≥ 3H/2 for a dS brane [5℄. The zero mode represents the standard massless graviton
and reprodues the four dimensional gravity on the brane. The amplitude of the massive
gravitons is suppressed near the brane at low energy due to the barrier potential.
Beause of the presene of matter in the universe, the osmologial expansion history
is no longer uniform. The Hubble parameter hanges with time, induing a hange in the
shape of the potential. Consequently, the brane degrees of freedom and the bulk degrees
of freedom interat thus generating transitions between the modes.
4
V(z)
∼ −δ(Ζ)
V(z)
M brane
dS brane
∼ −δ(Ζ)
(z = 0)
(z = 0)
extra dim.  zextra dim.  z
~ l −2
2
9H  /4
Figure 1: Left: Volano potential for a Minkowski braneworld. The height of the potential
is O(ℓ−2) and the potential dereases as 1/z2 if z is the extra dimension. The zero mode graviton
bound to the brane is surrounded by a ontinuum of massive gravitons m > 0. Right: Volano
potential for a de Sitter braneworld. The height of the potential is O(H2 + ℓ−2) and the
potential dereases as 1/ sinh2(z).The zero mode graviton bound to the brane is surrounded by a
ontinuum of massive gravitons with m > 3H/2 haraterized by a gap.
The brane-bulk system is a Hamiltonian quantum system, whih is neessarily onser-
vative beause the phase spae density must be preserved under time evolution. In this
sense, the brane-bulk system is intrinsially non-dissipative, and the appearane of dissipa-
tion an arise only as the result of oarse graining. The interation between the quanta
due to the expansion of the brane may be haraterized by a Bogoliubov transformation
(S matrix for a linear system) relating the modes of positive and negative frequeny for
the initial in vauum and the resulting out vauum. However, from the point of view
of an observer onned to the brane, the four dimensional universe as a submanifold is
an open quantum system. Consequently, the mixing between the modes loalized on the
brane and the deloalized modes in the bulk reates the appearane of dissipation to a
four dimensional observer unable to aess the bulk modes. The observer on the brane is
sensitive only to a part of the omplete AdS vauum, omposed of only the disrete modes
loalized on the brane. We all this part brane vauum. The Hilbert spae is trunated
beause of dimensional redution, and the bulk vauum, omposed of the ontinuous bulk
modes, holds the missing information. When we observe the osmologial perturbations
today, we measure expetation values of observables quadrati in the reation and annihi-
lation operators for the modes loalized on the brane today, namely abrane,out and a
†
brane,out.
The S matrix expresses the out operators as linear ombinations of abrane,in and a
†
brane,in
on one hand, and of abulk,in(k) and a
†
bulk,in(k) on the other. A useful parameterization
of this transformation has been proposed in [26℄. The authors require that Abrane,in and
Abulk,in be entirely on the brane and in the bulk, respetively, and be normalized suh that[
Abrane,in, A
†
brane,in
]
=
[
Abulk,in, A
†
bulk,in
]
= 1. Then abrane,out may be expressed in terms of
these aording to one of the three following possibilities: either
abrane,out = cos θAbrane,in + sin θAbulk,in (1)
where 0 ≤ θ ≤ π/2; or
abrane,out = cosh uAbrane,in + sinh uA
†
bulk,in (2)
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where 0 ≤ u ≤ +∞; or
abrane,out = sinh uA
†
brane,in + cosh uAbulk,in (3)
where 0 ≤ u ≤ +∞. Abrane,in may be onstruted entirely as a linear ombination of abrane,in
and a†brane,in, and likewise Abulk,in may be onstruted entirely as a linear ombination of
the abulk,in(k) and the a
†
bulk,in(k), k being the index for the ontinuum modes. We observe
in (3) that the bulk initial state may have a very important, or even dominant, role in
determining what we see on the brane today.
However it has been numerially observed in [19℄ that the evolution of tensor pertur-
bations on the brane today does not show any signiant dependene on the bulk initial
state when a dS-invariant initial vauum is speied in the AdS bulk, that is dened in
a dS-sliing frame. However we might suspet that the initial amplitude of bulk modes
that are initially loated outside the bulk Cauhy horizon of the dS-sliing will not be
suppressed when they ausally aet the deelerating brane in the future. The relative
ontribution of the brane initial onditions and the bulk initial onditions in determinining
what we see on the brane today should depend on the basis deomposition of the in-vauum
as desribed in (3). The main problem is that there are no natural initial onditions for
AdS [24, 25℄: in standard ination the bakgound geometry is dS so the timelike geodesis
diverge forward in time losing ausallity suh that initial irregularities beome swept out,
dS spae thus exhibits natural initial onditions for generating homogeneity and isotropy.
Whereas in Randall-Sundrum branewords the bakground geometry is AdS so that the
timelike geodesis rst diverge and then refous forward in time, thus onserving the initial
amplitude of metri perturbations.
The brane-bulk interation may be summarized by the following fundamental proesses
from the four dimensional point of view illustrated in Fig. 2. An initial vauum state may
be ompletely haraterized by speifying the quantum state of the inoming gravitons on
the past Cauhy horizon in the bulk H(−) and of the degrees of freedom on the brane at
the intersetion of the brane with H(−). Subsequently, the bulk and the brane degrees of
freedom interat as they propagate forward in time. Bulk gravitons may be absorbed and
transformed into quanta on the brane. Similarly, brane exitations may deay through the
emission of bulk gravitons. These may either esape to future innity, leading to dissipation
from the four dimensional point of view, or may be reabsorbed by the brane due to the
bulk urvature, leading to nonloality from the four dimensional point of view.
We may onsider the brane-bulk interation from the four dimensional perspetive by
regarding the brane degrees of freedom as an open quantum system oupled to an environ-
ment with a large number of degrees of freedom. Shematially, we may blok diagonalize
by Fourier transforming in the three transverse spatial dimensions. For an expanding
braneworld with a perfet uid or salar eld on the brane, the interation between the
salar brane degree of freedom q(t) and a salar bulk degree of freedom u(t, x) may be rep-
resented by a system of oupled equations. Under the approximations presented in detail
later in the paper, this system of oupled equation may be written aording to the general
form
[−∂ta(t, x)∂t + ∂xb(t, x)∂x + c(t, x)] u(t, x) = 0,
[∂x + λ(t)]u(t, x)|x=0 = P1(∂t)q(t),[
∂2t + ω
2
0(t)
]
q(t) = P2(∂t)u(t, x)|x=0, (4)
6
timelike
  brane
bulk
H(+)
H(−)
Figure 2: Fundamental proesses for the brane-bulk interation from a four dimen-
sional perspetive. From the left to the right: absorption, dissipation, nonloality. The nonlo-
ality arises from the diration of gravitons into the urved AdS bulk.
where P1 and P2 are polynomials in ∂t of degree one and degree two respetively, with time
dependent oeients. The rst equation is the bulk equation of motion, the seond the
boundary ondition on the brane, and the third the equation of motion for the brane degree
of freedom. The brane and the bulk degrees of freedom are related aording to
q(t) =
∫
dt′Gbrane(t, t
′)P2(∂t′)u(t
′, 0),
u(t, x) =
∫
dt′Gbulk(t, t
′, x, 0)P1(∂t′)q(t
′), (5)
where Gbrane = [∂
2
t + ω
2
0(t)]
−1
is the bare
2
retarded brane propagator and Gbulk is the
Neumann form of the retarded bulk propagator. Due to the interation, the eetive
retarded brane propagator may be obtained by resumming the innite geometri series at
all orders of the bulk bakreation
Gˆbrane = Gbrane +GbraneP2(Dt)GbulkP1(Dt)Gbrane
+GbraneP2(Dt)GbulkP1(Dt)GbraneP2(Dt)GbulkP1(Dt)Gbrane + ...
=
1
G−1brane − P2(Dt)GbulkP1(Dt)
, (6)
where the bulk propagator links two points both lying on the brane. The brane degree of
freedom is governed by the integro-dierential equation
Gˆ−1brane ◦ q = ∂2t q + ω20(t)q +
∫
dt′Kbulk(t− t′)q(t′) = 0. (7)
Here the bulk kernel is given by
Kbulk(t, t
′) = −P2(∂t)Gbulk(t, t′)P1(∂t′) (8)
and plays the role of a self-energy, dressing the bare eld on the brane. Both the loal
dissipative eets and the nonloal eets due to the interation with the extra dimension
2
By bare we mean the propagator of the free brane elds exluding the interation with the bulk.
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are ontained in this self-energy kernel. The bare retarded brane propagator Gbrane =
[∂2t + ω
2
0(t)]
−1
is the propagator of an osillator loalized on the brane and aounts only
for the transitions between the four dimensional modes due to the expansion of the universe.
We onsider as an illustration the following ouplings
P1(∂t) = −γ1(t)∂t, P2(∂t) = γ2(t)∂t. (9)
Sine the Neumann retarded bulk propagator on the brane an be written in the form
Gbulk(t, t
′, x = 0, x′ = 0) = θ(t− t′)G(t, t′, 0, 0), (10)
the bulk kernel may be deomposed into singular and regular parts
Kbulk(t, t
′) = Ksingbulk (t, t
′) +Kregbulk(t, t
′) (11)
where
Ksingbulk (t, t
′) = δ(t− t′)γ1(t)γ2(t)G(t, t, 0, 0)∂t
Kregbulk(t, t
′) = θ(t− t′)γ2(t)∂tG(t, t′, 0, 0)γ1(t′)∂t′ . (12)
The singular part is responsible for the loal dissipative proesses and the regular part
desribes subsequent nonloal proesses, suh as reetions from the inhomogeneous urved
bulk. The innite summation
G˜brane = Gbrane +Gbrane
(−Ksingbulk )Gbrane +Gbrane (−Ksingbulk )Gbrane (−Ksingbulk )Gbrane + ...,
=
1
∂2t + Γ(t)∂t + ω
2
0(t)
(13)
is equivalent to adding a loal dissipation term Γ(t) = γ1(t)γ2(t)G(t, t, 0, 0) to the equation
of motion for the brane degree of freedom. The innite summation
Gˆbrane = G˜brane + G˜brane (−Kregbulk) G˜brane
+G˜brane (−Kregbulk) G˜brane (−Kregbulk) G˜brane + ... (14)
adds the nonloality to the equation of motion suh that the brane degree of freedom
propagates as
Gˆ−1brane ◦ q = q¨(t) + Γ(t)q˙(t) + ω20(t)q(t) + γ2(t)
∫ t
−∞
dt′G(t, t′, 0, 0)γ1(t
′)q˙(t′) = 0.(15)
Sine a loal singular part does not depend on the urvature of the bakground, the term
G(t, t, 0, 0) whih appears in the loal dissipation rate may be replaed by the Neumann
form of the Minkowski propagator. We reall that the Minkowski propagator is
GMink(t, t
′, x, x′) = θ
(
(t− t′)2 − (x− x′)2) J0 (p√(t− t′)2 − (x− x′)2) , (16)
where p is the momentum in the three transverse spatial dimensions. Then G(t, t, 0, 0) =
GMink(t, t, 0, 0) = 1 and the loal dissipation rate depends only on the ouplings
Γ(t) = γ1(t)γ2(t). (17)
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For ertain derivative ouplings, additional loal terms may appear leading for instane
to a phase shift. There might also be a nonloal dissipation term when there is no derivative
in the ouplings. This formalism with Green funtions is useful to disriminate transitions
among four dimensional brane modes due to the expansion of the universe from transitions
between the brane and the bulk modes due to the presene of an extra dimension. Moreover
this formalism allows us to distinguish the loal dissipation proesses from the nonloal
proesses.
The purpose of this work is to estimate the dissipation rates of ertain degrees of freedom
onned to the brane or loalized near the brane from an arbitrary expansion history of a
brane having no speial symmetries.
3 Braneworld osmologial perturbations
In this setion we reall briey the osmologial perturbations equations in braneworlds and
the formalism of Mukohyama frequently used in the literature [6, 8, 9, 10, 13, 21, 16, 22℄.
The metri perturbations hµν about the general bulk bakground metri gµν , in Gaussian
normal oordinates, given by
ds2 = gµνdx
µdxν = dξ2 −N2(ξ, τ)dτ 2 + A2(ξ, τ)dx23, (18)
desribe the ve dimensional bulk gravitons. The evolution of these bulk perturbations
(where we assume hµν ≪ gµν) will depend on the oupling to the matter perturbations
δTµν loalized on the brane at ξ = 0 through the linearized Einstein equations
δGµν (hµν) = κ
2δTµν (19)
from whih linearized Israel juntion onditions on the brane an be derived. The oupling
is related to the ve dimensional Plank mass κ2 = 8π/M3pl = 8πGNℓ, where GN is the four
dimensional gravitational oupling onstant and ℓ the urvature radius of the bulk spae
in the Randall-Sundrum model. The bulk metri perturbations an be deomposed into
salar, vetor, and tensor perturbations.
3.1 Tensor perturbations
The gravitational waves away from the brane propagate freely in the bulk and independently
of the presene of matter on the brane. They are desribed by transverse and traeless
tensor perturbations Eij of the metri
ds˜2 = (gµν + hµν) dx
µdxν = dξ2 −N2(ξ, τ)dτ 2 + A2(ξ, τ) (δij + Eij) dxidxj . (20)
Tensor perturbations are gauge invariant at linear order and they do not ouple to matter on
the brane. The tensor perturbations are exatly desribed by a minimally oupled massless
salar eld Ψ(t, ξ; p), Fourier transformed in the three transverse spatial dimensions, as
Eij(t, ξ,x) =
∫
dpΨ(t, ξ; p)eip·xei ⊗ ej , (21)
whih propagates in the bulk bakground aording to the Klein-Gordon equation
− 1
N2
[
Ψ¨ +
(
3
A˙
A
− N˙
N
)
Ψ˙
]
+
[
Ψ′′ +
(
3
A′
A
+
N ′
N
)
Ψ′
]
− p
2
A2
Ψ = 0. (22)
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The Israel juntion onditions redue to a Neumann boundary ondition on the brane
∂ξΨ|ξ=0 = 0. (23)
This boundary ondition is homogeneous under the assumption that there are no anisotropi
stresses on the brane.
3.2 Salar perturbations
The salar perturbations of the bulk bakground metri may be simplied by hoosing a
partiular gauge knowned as 5d longitudinal gauge. In this gauge there are four gauge-
invariant variables and the line element is
ds˜2 = (1 + 2Aξξ) dξ2 −N2(ξ, τ) (1 + 2A) dτ 2 +N(ξ, τ)Aξdξdt
+A2(ξ, τ) (1 + 2R) δijdxidxj. (24)
These ve dimensional salar metri perturbations ouple to the four dimensional salar
matter perturbations on the brane, whih are dened in the same gauge on the brane by
3
Tµν + δTµν =
[ −(ρ+ δρ) δq,j
−A−2δq,i (P + δP ) δij
]
.
Here the greek indies label the four dimensions on the brane and the latin indies label the
three transverse spatial dimensions on the brane. Throughout the paper, ρ and P denote
respetively the energy density and the pressure of the eetive matter on the brane as
opposed to the real matter on the brane labeled by a subsript M and related to the
previous one by ρ = ρM + σ, P = PM − σ, where σ is the brane tension, ne-tuned in
the Randall-Sundrum model so that σ = 6/(κ2ℓ) [1℄. Mukohyama [8℄ (see also [9℄) has
shown that in the absene of bulk matter perturbations, the salar metri perturbations
in 5d longitudinal gauge an all be generated from a single salar master eld
4 Ω(t, ξ)
aording to
A = − 1
6A
{(
2Ω′′ − N
′
N
Ω′
)
+
1
N2
(
Ω¨− N˙
N
Ω˙
)
− 1
ℓ2
Ω
}
,
Aξ = 1
NA
(
Ω˙′ − N
′
N
Ω˙
)
,
Aξξ = 1
6A
{(
Ω′′ − 2N
′
N
Ω′
)
+
2
N2
(
Ω¨− N˙
N
Ω˙
)
+
1
ℓ2
Ω
}
,
R = 1
6A
{(
Ω′′ +
N ′
N
Ω′
)
− 1
N2
(
Ω¨− N˙
N
Ω˙
)
− 2
ℓ2
Ω
}
. (25)
The master variable Ω satises the ve dimensional wave equation
− 1
N2
[
Ω¨−
(
3
A˙
A
+
N˙
N
)
Ω˙
]
+
[
Ω′′ −
(
3
A′
A
− N
′
N
)
Ω′
]
−
(
p2
A2
− 1
ℓ2
)
Ω = 0. (26)
3
We have negleted the salar anisotropi stress whih do not arise when onsidering the perturbations
of a perfet uid or a salar eld.
4
It should be noted that [Ω] = (length)2.
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The Israel juntion onditions redue to the following "nonloal" boundary onditions on
the brane [13℄
κ2Aδρ = −3A˙
A
(
Ω˙′ − N
′
N
Ω˙
)
− p
2
A2
(
Ω′ − A
′
A
Ω
)∣∣∣
ξ=0
,
κ2Aδq = −
(
Ω˙′ − N
′
N
Ω˙
)∣∣∣
ξ=0
,
κ2AδP =
(
Ω¨′ − A
′
A
Ω¨
)
+ 2
A˙
A
(
Ω˙′ − N
′
N
Ω˙
)
−
((
2
A˙
A
)′
+
(
N˙
N
)′)
Ω˙
+
(
A′
A
− N
′
N
)(
1
ℓ2
− 2
3
p2
A2
)
Ω−
(
A′
A
− N
′
N
)(
2
A′
A
− N
′
N
)
Ω′
∣∣∣
ξ=0
. (27)
4 Salar perturbations: slow-roll inaton on the brane
In this setion we work out salar metri and matter perturbations for a salar eld on
the brane with a slow-roll potential, V (φ), suh that the indued geometry on the brane
is quasi-de Sitter. During slow-roll ination the expansion of the universe is adiabati in
the sense that H˙ ≪ H2. The inaton salar eld, φ(τ), may be haraterized by an energy
density ρM and a pressure PM
ρM =
1
2
φ˙2 + V (φ),
PM =
1
2
φ˙2 − V (φ). (28)
We may ombine the equations of Mukohyama presented in setion 3.2 for salar per-
turbations to obtain simple oupled equations of the brane-bulk system. Following the
alulations done in [16, 22℄, we introdue the Mukhanov-Sasaki variable as the brane
degree of freedom:
Q = δφ− φ˙
H
Rb, (29)
where δφ is the perturbation of the inaton andRb is one of the salar metri perturbations,
namely the urvature perturbation (25), projeted on the brane. The equations of the
brane-bulk system in the general Gaussian normal oordinate system (18) are then given
by [16, 22℄
− 1
N2
[
Ω¨−
(
3
A˙
A
+
N˙
N
)
Ω˙
]
+
[
Ω′′ −
(
3
A′
A
− N
′
N
)
Ω′
]
−
(
p2
A2
− 1
ℓ2
)
Ω = 0,
−p
2
a2
[
H
(
Ω′ − A
′
A
Ω
)
+
κ2φ˙2
6
(
Ω˙−HΩ
)]∣∣∣∣
ξ=0
= κ2aφ˙2
(
H
φ˙
Q
).
,
Q¨+ 3HQ˙+
(
p2
a2
+ V ′′(φ)
)
Q+

H¨H − 2H˙H V
′(φ)
φ˙
− 2
(
H˙
H
)2
Q = J(Ω)|ξ=0, (30)
where p is the transverse momentum and the soure J(Ω) is given by
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J(Ω) = − φ˙
H
[(−H˙
H
+
H¨
2H˙
)
p2
3a3
(
Ω˙−HΩ
)
+
(
1− H˙
2H2
)
p4Ω
9a5
+
p2
6a3
(
Ω¨−HΩ˙ + p
2
3a2
Ω−
(
N ′
N
− A
′
A
)
Ω′
)
+
H˙
H2
p2
6a3
(
HΩ′ −HΩ˙− 1
ℓ2
Ω +
p2
3a2
Ω
)]
. (31)
Here the notations are a(τ) = A(τ, ξ = 0) and H = (A′/A)|ξ=0. From the Friedmann
equation (102) we also have
κ2φ˙2/2 = −ℓH˙/
√
1 + ℓ2H2. (32)
The brane-bulk equations (30), (31) may be simplied for slow-roll ination as follows:
we neglet all the adiabati orretions to the expansion, like H˙/H2 terms, exept for the
terms involved in the oupling between Q and Ω. Aording to these approximations and
after resaling the master eld aording to AΩ→ Ω, we argue that the system of oupled
equations redues to
G−1bulk(τ, ξ, τ
′, ξ′) ◦ Ω(τ ′, ξ′) = 0,
Ω′|ξ=0 = P1(∂τ )Q(τ),
G−1brane(τ, τ
′) ◦Q(τ ′) = P2(∂τ )Ω(τ, ξ)|ξ=0, (33)
where Gbulk is the retarded Green funtion of exat bulk equation of motion,
Gbrane = [∂
2
τ + 3H(τ)∂τ + p
2/a2]
−1
is the bare Green funtion of the inaton perturbation
on the brane, P1(∂τ ) = −(κ2a2φ˙/p2)∂τ and P2(∂τ ) = −(p2φ˙/(6a2H)) [∂2τ +H(τ)∂τ + p2/a2].
The rst equation in (33) is the bulk wave equation. The presene of time derivatives of the
elds in the brane-bulk ouplings indues loal dissipation of the salar eld on the brane.
The eetive brane propagator with the interation with the bulk taken into aount is
obtained as explained in setion 2 by resumming the innite geometri series
Gˆbrane
= Gbrane +Gbrane
[
p2φ˙
6a2H
(
G¨Nbulk +HG˙
N
bulk +
p2
a2
GNbulk
)
κ2a2φ˙
p2
Dτ
]
Gbrane + ...
=
1
G−1brane − p
2φ˙
6a2H
(
G¨Nbulk +HG˙
N
bulk +
p2
a2
GNbulk
)
κ2a2φ˙
p2
Dτ
(34)
where G−1brane = [D
2
τ + 3HDτ + p
2/a2] desribes the bare propagation on the brane. GNbulk
is the Neumann form of the bulk retarded propagator projeted on the brane and has the
form
GNbulk(τ, τ
′, ξ = 0, ξ′ = 0) = θ(τ − τ ′)GN(τ, τ ′, 0, 0). (35)
The time derivatives of the bulk propagator (35) appearing in the eetive brane propagator
(34) lead to singular and regular terms. This suggests that the dressed propagation of the
inaton ontains loal and nonloal adiabati orretions
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[
1− κ
2φ˙2
6H
GN(τ, τ, 0, 0)
]
Q¨+
[
3H − κ
2φ˙2
6H
(
HGN(τ, τ, 0, 0) + G˙N(τ, τ, 0, 0)
)]
Q˙
+
p2
a2
Q + (nonloal term) = 0. (36)
Here the nonloal term depends on the AdS urvature ℓ and the brane intrinsi urvature
H , and is given by the time derivatives of the regular part GN of the AdS bulk Green
funtion GNbulk of the bulk wave equation:
(nonloal term) = −κ
2φ˙2
6H
∫ +∞
0
ds
[
G¨N(s) +HG˙N(s) +
p2
a2
GN(s)
]
Q˙(τ − s). (37)
The loal terms do not depend on the urvature, whih means that the regular part
GN(τ, τ, 0, 0) of the bulk Green funtion is equal to the Minkowski propagator at the origin
in (36). Sine the Neumann form of the Minkowski propagator GNMink(τ, τ
′, ξ, ξ′) is given
by
GNMink(τ, τ
′, ξ, ξ′) = GMink(τ, τ
′, ξ, ξ′) +GMink(τ, τ
′, ξ,−ξ′) (38)
where
GMink(τ, τ
′, ξ, ξ′) = θ
(
(τ − τ ′)2 − (ξ − ξ′)2) J0 (p√(τ − τ ′)2 − (ξ − ξ′)2) , (39)
one has GN (τ, τ, 0, 0) = GNMink(τ, τ, 0, 0) = 1 and G˙
N (τ, τ, 0, 0) = G˙NMink(τ, τ, 0, 0) = 0 so
that the eetive equation of motion for the inaton redues to[
1− κ
2φ˙2
6H
]
Q¨+
[
3H − κ
2φ˙2
6H
H
]
Q˙ +
p2
a2
Q + (nonloal term) = 0. (40)
We may renormalize the kineti term to one by dividing this equation by the oeient in
front of the kineti term to obtain
Q¨+ [3H + Γ(τ)] Q˙+
(
p2
a2
+ Λ(τ)
)
Q+ (nonloal term)+O(κ4φ˙4) = 0. (41)
From (41) we observe that the interation of the inaton with the bulk gravitons lead to
loal dissipation into the extra dimension through the loal frition term appearing in the
eetive equation as the rst time derivative Γ(τ)Q˙. There is in addition a phase shift
given by Λ(τ)Q. We nd that the loal dissipation rate of the inaton perturbation due to
the extra dimension is:
Γ(τ) =
κ2φ˙2
3
= O(1) H˙
H2
Hℓ√
1 +H2ℓ2
H (42)
and the loal phase shift is
Λ(τ) = O(1) H˙
H2
Hℓ√
1 +H2ℓ2
p2
a2
. (43)
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We observe that the dissipation term ΓQ˙ dominates the phase orretion ΛQ at superhori-
zon sales and may be omparable at high-energy (Hℓ≫ 1) to the slow-roll orretions to
standard ination. If ination takes plae in a regime where the bulk urvature radius is
muh larger than the Hubble radius (Hℓ≫ 1), then the loal dissipation rate behaves as
Γ(τ)
Hℓ≫1∼ O(1) H˙
H2
H. (44)
In a quasi-four dimensional regime (Hℓ≪ 1) the loal dissipation rate behaves as
Γ(τ)
Hℓ≪1∼ O(1) H˙
H2
(Hℓ)H. (45)
The dissipation rate is suppressed in a quasi-four dimensional regime by the fator (Hℓ).
The salar eld on the brane dissipates linearly with the slow-roll parameter at any sale.
As we will see for tensor perturbations, the brane-bulk interation between the graviton
bound state (zero mode) and the ontinuum of bulk gravitons will be purely nonloal sine
the brane degree of freedom here is not onned but loalized near the brane. In ase of
purely nonloal interation we need to onsider the bulk bakground geometry, whih is
the objet of the next setion.
5 Bakground metri
A at (3+1)-dimensional homogeneous and isotropi Friedman-Robertson-Walker universe
with an arbitrary expansion history, haraterized by the sale fator a(τ) as a funtion of
the proper time τ , an be embedded in a wedge of AdS5 of urvature radius ℓ, desribed
in terms of the stati bulk oordinates (Poinaré oordinates)
ds2 = ℓ2
−dt2 + dx23 + dz2
z2
, (46)
by means of the following expliit embedding
zb(τ) = e
−
R
H(τ)dτ , tb(τ) =
∫
dτ
ℓ
√
ℓ2z˙b
2(τ) + z2b (τ), (47)
whereH(τ) is the Hubble fator on the brane. We may expliitly onstrut Gaussian normal
oordinates by omputing the geodesi urve in the zt-plane normal to the braneworld
trajetory at proper time τ , traveling at a proper distane ξ away from the brane. We
thus obtain the following mapping from the Gaussian normal oordinates to the Poinaré
oordinates:
z(ξ, τ) =
e−
R
dτ H(τ)
cosh(ξ/ℓ)−√1 + ℓ2H2 sinh(ξ/ℓ) ,
t(ξ, τ) =
∫
dτ
ℓ
[
e−
R
dτ H(τ)
√
1 + ℓ2H2
]
− ℓHe
−
R
dτ H(τ) sinh(ξ/ℓ)
cosh(ξ/ℓ)−√1 + ℓ2H2(τ) sinh(ξ/ℓ) , (48)
from whih follows the line element
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ds2 = −
(√
1 + ℓ2H2 sinh(ξ/ℓ)− cosh(ξ/ℓ) + ℓ
2H˙√
1 + ℓ2H2
sinh(ξ/ℓ)
)2
dτ 2
+
(√
1 + ℓ2H2 sinh(ξ/ℓ)− cosh(ξ/ℓ)
)2
e2
R
H(τ)dτdx23
+dξ2. (49)
In these oordinates the brane is stationary with respet to the bulk, and ξ measures the
proper distane from the brane.
Despite being onvenient for desribing a brane with an arbitrary expansion history,
Gaussian normal oordinates suer from a number of drawbaks. In partiular this oor-
dinate desription an break down whenever the spatial geodesis normal to the brane de-
velop austis, either by fousing in time at ξh = ℓcoth
−1
(√
1 + ℓ2H2 + ℓ2H˙/
√
1 + ℓ2H2
)
,
or in the transverse spatial dimensions at ξs = ℓcoth
−1
(√
1 + ℓ2H2
)
. Even though these
singularities may give the illusion of a horizon, the bulk spae is regular there and an be
extended beyond by using another set of oordinates. Let us onsider the initial value prob-
lem in these oordinates by looking at the Carter-Penrose diagram for Randall-Sundrum
universes (Fig. 3). We speify initial data on a surfae of onstant Gaussian normal time,
in the bulk as well as on the brane. Suppose that we limit our ambition to predit what
happens on the brane in the future. The evolution of a dust-dominated braneworld uni-
verse, whih was initially inating in the past, may be ausally aeted in the future by
unknown information oming from outside the initial past Cauhy horizon, beause the size
of the bulk horizon has inreased during the deeleration of the expansion.
H(−)
M dS FRW
z = 0              z = infinite z = 0              z = infinite z = 0              z = infinite
Figure 3: Carter-Penrose diagrams for various braneworld osmologies embedded into
AdS. The heavy line indiates the trajetory of the timelike brane. The horizontal diretion
represents the extra dimension. The past Cauhy horizon is noted H(−). From the left to the
right: Minkowski braneworld, de Sitter braneworld, Friedmann-Robertson-Walker braneworld.
Panel on the right desribes an universe whose expansion initially inates and then slows down.
The ompliated arbitrary motion of the brane into the bulk breaks the time-translation
symmetry of the bulk, suh that the metri omponents in eqn. (49) exhibit a non-
separable form. The evolution of the bulk perturbations in the bakground metri (49)
is not amenable to analyti methods without some form of approximation. Consequently,
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we will modify the metri retaining only its most important features and assume that the
bulk solution is quasi-separable. From the point of view of an observer on the brane, most
of the ation takes plae within a small number of AdS deay length (or apparent deay
length) of the brane, where virtually all the bulk four-volume is onentrated. The bulk
modes bound to the brane have most of their support loalized there, therefore a mediore
approximation of the metri far from the brane is only likely to provide a poor approx-
imation of the tail of the wave funtion, where there is almost no probability. We may
also hope that any quanta that esapes from the brane, due to non-adiabati eets in the
expansion history, do not ome bak through reetion or diration. Consequently, in
this ase an observer on the brane will are little about how exatly suh quanta esape,
whih will depend on the metri away from the brane. In the WKB approximation, most
of the quanta beome lassial within a short distane from the brane. In that sense we
may approximate the bakground geometry (49) by the geometry near the brane (ξ ≪ ℓ),
by means of the following line element
ds2 ≈ dξ2 − e−2α1(τ) |ξ|ℓ dτ 2 + e−2α2(τ) |ξ|ℓ a2(τ)dx23, (50)
where we have Z2-symmetrized about ξ and where the time dependent warp fators and
the sale fator are respetively given by
α1(τ) =
√
1 + ℓ2H2 +
ℓ2H˙√
1 + ℓ2H2
,
α2(τ) =
√
1 + ℓ2H2,
a(τ) = e
R
H(τ)dτ . (51)
In this approximation (50) the oordinate singularities are also removed to innity.
6 Tensor perturbations in the approximate bakground
We now study the simplest ase of tensor perturbations, whih evolve independently of the
matter ontent on the brane. We use the approximate bakground geometry (50), whih
is aurate near the brane. Eah polarization of the tensor perturbations is desribed by a
minimally oupled massless salar eld Ψ, as disussed in setion 3. We take the Fourier
transform in the three transverse spatial diretions and separately evolve eah Fourier mode.
6.1 The plateau potential
The equation of motion of the massless salar eld Ψ in the bakground metri (50) is[
−∂2τ −
(
3
a˙
a
+
(
α˙1
ℓ
− 3 α˙2
ℓ
)
|ξ|
)
∂τ + e
−2α1
|ξ|
ℓ
(
∂2ξ − sgn(ξ)
(
α1
ℓ
+
3α2
ℓ
)
∂ξ
)
−p
2
a2
e−2|ξ|(
α1
ℓ
−
α2
ℓ )
]
Ψ = 0, (52)
where p is the momentum in the three transverse dimensions. From this equation in the
interval −∞ < ξ < +∞, we may extrat the homogeneous Neumann boundary ondition
(23) at ξ = 0 for the even modes. After resaling the salar eld as
Φ(τ, ξ) = e−(α1(τ)+3α2(τ))
|ξ|
2ℓ a(τ)
3
2Ψ(τ, ξ), (53)
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the equation of motion beomes[
−∂2τ +O (|ξ|)∂τ +
(
9
4
H2 +
3
2
H˙ − p
2
a2(τ)
e−2|ξ|(
α1
ℓ
−
α2
ℓ ) +O (|ξ|, |ξ|2))
+e−2α1
|ξ|
ℓ
(
∂2ξ + δ(ξ)
(
α1
ℓ
+
3α2
ℓ
)
− 1
4
(
α1
ℓ
+
3α2
ℓ
)2)]
Φ = 0. (54)
The equation of motion is not separable yet. However, beause the bound state is loalized
near the brane, an adequate approximation to the evolution of the bound state may be
obtained by retaining only the leading behavior of the oeients in ξ about ξ = 0, thus
simplifying the equation. Doubtless this is a poor approximation for the tails of the bound
state but we argue that the tails ontribute negligibly. Consequently we set
e−2α1
|ξ|
ℓ ≈ 1, e−2|ξ|(α1ℓ −α2ℓ ) ≈ 1, O (|ξ|) ,O (|ξ|2) ≈ 0, (55)
reduing eqn. (54) to
− ∂2ξΦ + V (ξ, τ)Φ = −∂2τΦ +
[
9
4
H2 +
3
2
H˙ − p
2
a2(τ)
]
Φ (56)
with the eetive plateau potential
V (ξ, τ) = −V0(τ)δ(ξ) + V0(τ)
2
4
(57)
where
V0(τ) =
1
ℓ
(
4
√
1 + ℓ2H2 +
ℓ2H˙√
1 + ℓ2H2
)
. (58)
The orresponding boundary ondition is obtained by integrating the Z2-symmetri equa-
tion (56). Equivalently, we may impose the boundary ondition separately[
∂ξ +
V0(τ)
2
]
Φ|ξ=0+ = 0 (59)
at ξ = 0 and restrit the domain of (56) to ξ > 0, thus removing the δ-funtion. Under this
approximation, the rater of the usual volano potential [1, 5℄ is faithfully rendered but the
landsape around the summit remains at onstant elevation, as indiated in Fig. 4 right.
When the brane has a pure de Sitter geometry, the linearized Einstein equations in
AdS for the tensor perturbations may be redued to a "Shrödinger-like" equation for a
salar eld in the onformal bulk oordinates one the eld has been resaled. The exat
expression of the eetive potential has been alulated in [5℄. The potential has the
usual volano shape with a dereasing barrier potential resulting from the urvature of the
AdS bulk (Fig. 4 left). The height of the dereasing barrier potential is O(ℓ−2) and the
energy gap between the zero mode and the ontinuous modes is O(H2).Thus the plateau
potential approximation we presented previously onsists in negleting the inhomogeneity
of the bulk and onsequently the diration of the bulk gravitons by the urved bulk.
This approximation is legitimized in the osmologial regime where the urvature radius
of the bulk is muh larger than the Hubble horizon, Hℓ ≫ 1. This is beause in this
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Figure 4: Approximation of the volano potential by the plateau potential.
regime the energy range of the barrier potential is of order ℓ−2 and is muh smaller than
the Hubble energy sale H2 of the gap. In this regime the volano potential looks like
the plateau potential (Fig. 4), in whih ase the bulk inhomogeneity may eetively be
negleted. In the regime where the urvature radius of the extra dimension is muh smaller
than the Hubble horizon, Hℓ ≤ 1, our approximation fails beause the energy range of the
inhomogeneity of the bulk is now non negligible. Thus in that regime the plateau potential
would only give some rough lower and upper bounds of the true volano potential.
6.2 Deay of the bound state for an inating brane
The potential in (57) has exatly one bound zero mode and a ontinuum of free modes
whose energy eigenvalues begin above the plateau. We expand the wave funtion in normal
modes
Φ(τ, ξ) = cb(τ)φb(ξ; τ) +
∫ +∞
0
dkck(τ)φk(ξ; τ) (60)
where b labels the bound mode and k labels the ontinuum modes. The mode funtions
φn(ξ; τ) (n = b, k) satisfy(
−∂2ξ − V0(τ)δ(ξ) +
V0(τ)
2
4
)
φn(ξ; τ) = m
2
n(τ)φn(ξ; τ). (61)
The Z2-symmetri spetrum of (61) onsists of a single bound state with m
2
b(τ) = 0,
φb(ξ; τ) = Nb(τ)e
−
V0(τ)
2
|ξ|, Nb(τ) =
√
V0(τ)/2 (62)
and a ontinuum of free bulk states k with m2k(τ) = k
2 + V 20 (τ)/4,
φk(ξ; τ) = Nk(τ)
[
cos (kξ)− V0(τ)
2k
sin (k|ξ|)
]
, Nk(τ) =
k
√
π
√
k2 +
V 20 (τ)
4
. (63)
A gap of V0(τ)
2/4 separates the bound state from the ontinuum.
We onsider the universe during an inationary epoh, when the geometry of the brane
is quasi-de Sitter and the expansion is adiabati in the sense that H˙ ≪ H2. In this regime
the brane-bulk interation may be omputed perturbatively. The only tensor degree of
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freedom on the brane is the disrete bound mode. We may ompute the bound state deay
rate due to the inating motion of the brane into the bulk. Under the above approximation,
V0(τ) ≈ 4
√
1 + ℓ2H2(τ)/ℓ, V˙0 ≈ 4H˙ Hℓ√
1 + (Hℓ)2
. (64)
The equation for the time dependent mode expansion oeients cn(τ) (n = b, k) in the
approximate bakground desribed by eqn. (50) is
c¨n +
[
p2
a2(τ)
− 9
4
H2 +m2n(τ)
]
cn ≈ −2V˙0
〈
φn
∣∣∣∣∂φn∂V0
〉
c˙n −
∑
m6=n
2V˙0
〈
φn
∣∣∣∣∂φm∂V0
〉
c˙m
+ (higher order terms) (65)
where the higher order terms inlude two time derivatives ating on the potential (e.g.
H¨, H˙2). The terms 〈φn|∂V0φn〉 vanish sine the eigenmodes are real. The terms 〈φk|∂V0φk′〉
onneting two ontinuum states are also zero beause of orthogonality
5
. The only nonzero
matrix elements onnet the bound mode and a ontinuum mode,〈
φk
∣∣∣∣∂φb∂V0
〉
= 2N∗kNb
∫ +∞
0
dξ
[
cos (kξ)− V0(τ)
2k
sin (kξ)
](
−ξ
2
)
e−
V0(τ)
2
ξ =
N∗k (τ)Nb(τ)
k2 +
V 20 (τ)
4
.(66)
Equation (65) redues to
c¨k + Ω
2
k(τ)ck ≈ −γk(τ)c˙b(τ) +O
(
V˙0
2
, V¨0
)
, (67)
c¨b + Ω
2
b(τ)cb ≈
∫
dkγk(τ)c˙k(τ) +O
(
V˙0
2
, V¨0
)
, (68)
oupling the bound state to the ontinuum states with k > 0. In the adiabati approxima-
tion the rst order oupling fator γk(τ) and the frequenies Ωb, Ωk are
γk(τ) = V˙0(τ)
√
2V0(τ)
π
k(
k2 +
V 20 (τ)
4
)3/2 ,
Ω2b(τ) ≈
p2
a2(τ)
− 9
4
H2(τ),
Ω2k(τ) ≈
p2
a2(τ)
− 9
4
H2(τ) + k2 +
V 20 (τ)
4
. (69)
The time dependent oupling fator in (67) leads to transitions between the bound mode
and the ontinuous modes, beause the zeroth order bare modes at as a soure for the
modes at next order. As soon as the aeleration of the brane hanges in the bulk, through
the derivative of the Hubble fator, H˙(τ) (or equivalently V˙0(τ)), the in mode ats as a
soure through the oupling fator and generates dierent modes at rst order. Conse-
quently transitions from the bound mode to the ontinuum our at rst order, and the
rst order ontinuous modes at then themselves as a soure for the bound mode, as a bak
5
The orthogonality is the result of the simplied shape of the plateau potential.
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sattering eet at seond order. The brane bound mode and the bulk ontinuous modes
are related aording to
ck(τ) =
∫ τ
−∞
dτ ′Gkbulk(τ, τ
′) (−γk(τ ′)) c˙b(τ ′),
cb(τ) =
∫ τ
−∞
dτ ′Gbrane(τ, τ
′)
∫
dkγk(τ
′)c˙k(τ
′), (70)
where Gkbulk(τ, τ
′) and Gbrane(τ, τ
′) are the bare retarded Green funtions satisfying(
∂2τ + Ω
2
k(τ)
)
Gkbulk (τ, τ
′) = δ (τ − τ ′) ,(
∂2τ + Ω
2
b(τ)
)
Gbrane (τ, τ
′) = δ (τ − τ ′) . (71)
We may express the retarded bulk Green funtion of a mode k in the WKB approximation
Gkbulk(τ, τ
′) ≈ θ(τ − τ ′)sin
(∫ τ
τ ′
Ωk(τ)dτ
)
√
Ωk(τ)Ωk(τ ′)
. (72)
This WKB approximation is reasonable beause that bulk eigenmodes osillate at all times.
There is no turning point beause Ω2k ≈ p2/a2− 9H2/4+ k2 + V 20 /4 > 0 always holds. The
ondition Ω˙k ≪ Ω2k is veried for both subhorizon modes, p ≫ aH , and superhorizon
modes, p≪ aH . The eetive brane propagator with the interation with the bulk modes
of freedom taken into aount is obtained by summing the innite geometri series
Gˆbrane = Gbrane +Gbrane
[∫
dkγkDτG
k
bulk (−γk)Dτ
]
Gbrane
+ Gbrane
[∫
dkγkDτG
k
bulk (−γk)Dτ
]
Gbrane
[∫
dkγkDτG
k
bulk (−γk)Dτ
]
Gbrane + ...
=
1
G−1brane +
∫
dkγkDτGkbulkγkDτ
. (73)
The four dimensional interation between the brane modes due to the expansion of the
universe is ontained in G−1brane, whereas the interation between the bound mode and the
bulk ontinuum is ontained in the bulk kernel
K(τ, τ ′) =
∫
dkγk(τ)∂τG
k
bulk(τ, τ
′)γk(τ
′),
= θ(τ − τ ′)
∫
dkγk(τ)
√
Ωk(τ)
Ωk(τ ′)
cos
(∫ τ
τ ′
Ωk(τ)dτ
)
γk(τ
′), (74)
suh that the brane bound mode is governed by the integro-dierential equation
Gˆ−1brane ◦ cb
= ∂2τ cb(τ) + Ω
2
b(τ)cb(τ) +
∫ τ
−∞
dτ ′K(τ, τ ′)∂τ ′cb(τ
′) = 0 (75)
where the bulk interation kernel K(τ, τ ′) dresses the bare eld of the bound state. The
possible dissipation of the bound state appears to be nonloal as viewed by an observer on
the brane. This feature arises beause the bound state is not a purely loal but a loalized
brane degree of freedom with a typial extent in the bulk given by ℓatt = (V0/2)
−1
. The
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existene of the bound state is intrinsially dependent on the bulk urvature ℓ−1. This
ondition is inompatible with a loal interation with the bulk. In the limit Hℓ≫ 1 one
has V0 ≈ 4H , V˙0 = 4H˙ . The bulk interation kernel (74) redues in the limit Hℓ≫ 1 to
K(s ≡ τ − τ ′) Hℓ≫1,p≪aH≈ θ(s)H˙2
∫ ∞
0
dk
128k2H
π (k2 + 4H2)3
cos
(√
k2 +
7
4
H2 s
)
(76)
at superhorizon sales, and to
K(τ, τ ′)
Hℓ≫1,p≫aH≈ θ(τ − τ ′)H˙2
∫ ∞
0
dk
128k2H
π (k2 + 4H2)3
(
k2 + p
2
a(τ)2
k2 + p
2
a(τ ′)2
)1/4
cos
(∫ τ
τ ′
√
k2 +
p2
a(τ¯)2
dτ¯
)
≈ O(1)H2
(
H˙
H2
)2
e−
H
2
(τ−τ ′) cos
( p
H
(
e−Hτ − e−Hτ ′
))
θ(τ − τ ′) (77)
at subhorizon sales, beause the integral over k is suppressed for k ≫ H in that ase.
We used that H , H˙ are fairly onstant in time in the adiabati approximation. The
superhorizon kernel (76) is plotted in Fig. 5. We observe that the kernel is nonloal,
Figure 5: Plot of the bulk interation kernel K(s) with respet to time s, at super-
horizon sales p << aH and in the limit Hℓ≫ 1. Here H = 1.
typially varying with the Hubble time sale H−1. Thus the bulk interation ontains a
memory. Consequently a loal approximation would be possible only if the bound mode
varied typially with a time sale larger than the Hubble time.
During ination, the Hubble radius of the universe remains fairly onstant, whereas the
physial wavelength of a mode inreases exponentially due to the expansion. Early during
ination a mode of a given wave number is initially subhorizon so that p≫ a(τ)H . As the
universe expands, the mode rosses the horizon to beome superhorizon. Whereas modes
osillate at subhorizon sales, they beome frozen in after they exit the Hubble horizon. An
observer is sensitive to the superhorizon modes on the brane whih are the relevant modes
to present osmologial observations and onstitute the initial onditions of the universe
at the end of ination. In that sense we will onsider mostly the superhorizon modes, or
late-time asymptotis of the modes:
p≪ a(τ)H. (78)
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The evolution of the modes at superhorizon sales taking into aount the bulk intera-
tion through the integral kernel is nonloal. Consequently the evolution (and the possible
dissipation) of superhorizon modes depends on their past evolution at subhorizon sales
through the interation of the subhorizon modes with the bulk. At superhorizon sales the
bare frequeny of the bound mode is imaginary
Ω2b(τ) = −
9
4
H2(τ). (79)
The bare bound mode oeient c
(0)
b (τ) exluding the interation with the bulk is a super-
position of a growing mode and a dereasing mode
c
(0)
b (τ) = A+e
+ 3
2
R
H(τ)dτ + A−e
− 3
2
R
H(τ)dτ ,
≈ A+e+ 32Hτ + A−e− 32Hτ , (80)
at superhorizon sales and in the WKB approximation. Sine we have resaled the elds
in (53) by the fator a3/2(τ), the true bound mode is atually a superposition of a onstant
mode and a dereasing mode. The bare solutions (80) orrespond also to the superhorizon
asymptotis of the four dimensional solution given by the Hankel funtion in the limit of a
pure de Sitter four dimensional geometry,
H
(1),(2)
3/2
(
−pη ≡ p
a(τ)H
)
p/aH≪1−→ ∼ A+a3/2(τ) + A−a−3/2(τ),
p/aH≫1−→ ∼ e±i pa(τ)H (81)
where η is the onformal proper time and a(τ) = eHτ . The dereasing mode is unobservable
and has little osmologial interest for the formation of the large sale strutures in the
universe. In the following we onsider only the dominant solution omposed of the growing
mode.
We look now for the growing mode of the dressed bound state oeient with the
interation with the bulk taken into aount by using the superhorizon Ansatz
cb(τ) = exp[+γτ ] (82)
where
γ =
3
2
H +∆γ, ∆γ ≪ H. (83)
Sine the bulk interation kernel is nonloal, we should take are when inserting this su-
perhorizon Ansatz into the integral kernel in eqn. (75) beause the rigorous omplete
integration should take into aount the ontribution of the subhorizon regime, where the
mode has a form dierent from the superhorizon Anstaz (82). However, we onjeture
that, when observing the dressed superhorizon solution today, the integrated eets of the
subhorizon modes in the brane-bulk interation are subdominant ompared to the ontri-
bution of the superhorizon modes. This is beause the amplitude of subhorizon modes is
suppressed ompared to the amplitude of superhorizon modes. The hoie of the Ansatz
(82) at any time for solving the integro-dierential equation (75) for the bound state is
equivalent to smooth the weak amplitude subhorizon osillations of the omplete mode
solution. In that sense we onsider the superhorizon Ansatz (82) suient to solve the
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integro-dierential equation and ompute the order of magnitude of the dissipation rate of
the bound state at superhorizon sales.
We now proeed to ompute the attenuation fator of the growing bound mode in
the regime Hℓ ≫ 1. In this regime the urvature radius of the extra dimension is muh
larger than the Hubble radius so that the dissipation rate of the bound state into the extra
dimension is expeted to reah its maximal value. As we disussed in setion 6.1, the
plateau potential is a suitable approximation in this regime for the study of the brane-bulk
interation. The height of the plateau potential is then V 20 (τ)/4 ≈ 4H2(τ) and the dressed
bound mode oeient evolves at superhorizon sales aording to the equation
c¨b(τ)− 9
4
H2(τ)cb(τ) +
∫ +∞
0
dsK(s)c˙b(τ − s) = 0, (84)
where K(s) is the bulk interation kernel taken in the superhorizon limit, eqn. (76).
Inserting the Ansatz (82) into (84) yields the algebrai equation
γ2 − 9
4
H2 = −128
π
H˙2H
∫ ∞
0
dk
k2γ2
(k2 + 4H2)3
(
k2 + 7
4
H2 + γ2
) , (85)
whih to linear order in ∆γ beomes
3H∆γ ≈ −128
π
H˙2H
[
9
4
H2
∫ ∞
0
dk
k2
(k2 + 4H2)4
]
(86)
suh that
∆γ ≈ − 3
25
H
(
H˙
H2
)2
. (87)
The minus sign in ∆γ indues attenuation of the growing mode. The plateau potential
approximation has the advantage of eliminating the proesses of diration or reetion in
the bulk by smoothing the bulk inhomogeneity, keeping only the dissipative proesses due
to the extra dimension. Even if the bound state did not dissipate at subhorizon sales and
had only its frequeny shifted, the bound mode would be observed to dissipate lassially
in the extra dimension at superhorizon sales as
cb(τ) = e
−
R
Γ(τ)dτ c
(0)
b (τ) (88)
where c
(0)
b (τ) is the bare growing mode. The dissipation rate Γ(τ) ≡ −∆γ of the bound
state at superhorizon sales is given by
Γ(τ) = O(1)
(
H˙
H2
)2
H. (89)
The emitted bulk gravitons osillates at all times beause their frequeny remains above the
plateau of the potential. We may also express the attenuation fator in terms of the four
dimensional slow-roll ination parameter ǫH = −H˙/H2, haraterizing the adiabatiity of
the expansion of the universe, and the number N of e-folds as
e−
R
Γ(τ)dτ = e−O(1)ǫ
2
H
N . (90)
The graviton bound state deays nonloally and quadratially in the slow-roll fator.
The dissipation of the zero mode of the graviton during ination is thus subdominant
ompared to the dissipation of the inaton perturbation (setion 4).
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7 Salar perturbations in the approximate bakground:
adiabati perfet uid on the brane
In this setion we study the evolution of salar metri perturbations in the approximate
bakground geometry (50) aurate near the brane. These perturbations ouple to the
adiabati perturbations of a perfet uid on the brane. They are all desribed by the
single master eld Ω as previously disussed in setion 3. We take the Fourier transform
in the three spatial transverse diretions beause of the homogeneity and the isotropy, and
separately evolve eah Fourier mode. In the approximate bakground geometry (50) near
the brane, the equation of motion (26) of the master eld in the interval 0 < ξ < +∞ is:[
−∂2τ +
(
3
a˙
a
−
(
α˙1
ℓ
+ 3
α˙2
ℓ
)
ξ
)
∂τ + e
−2α1
ξ
ℓ
(
∂2ξ −
(
α1
ℓ
− 3α2
ℓ
)
∂ξ
)
−p
2
a2
e−2ξ(
α1
ℓ
−
α2
ℓ ) +
e−2α1
ξ
ℓ
ℓ2
]
Ω = 0, (91)
where p is the transverse momentum. Similarly to the tensor ase in setion 6, we redue
the equation of motion (91), resaling
e−(
α1−3α2
ℓ )
ξ
2a(τ)−3/2Ω → Ω, (92)
to the equation
[
−∂2τ +O (ξ) ∂τ +
(
9
4
H2 − 3
2
H˙ − p
2
a2(τ)
e−2ξ(
α1
ℓ
−
α2
ℓ ) +
e−2α1
ξ
ℓ
ℓ2
+O (ξ, ξ2)
)
+e−2α1
ξ
ℓ
(
∂2ξ −
1
4
(
α1
ℓ
− 3α2
ℓ
)2)]
Φ = 0 (93)
whih ontains terms dependent on ξ representing the inhomogeneity of the AdS bulk. The
equation of motion is not separable yet. However, as in setion 6 for the tensor ase when
we introdued the plateau potential, we again simpliplify the dependene on ξ retaining
only the leading behavior of the oeients in ξ about ξ = 0. We set
e−2α1
ξ
ℓ ≈ 1, e−2ξ(α1ℓ −α2ℓ ) ≈ 1, O (ξ) ,O (ξ2) ≈ 0, (94)
reduing (93) to [
∂2τ − ∂2ξ + ω¯2(τ) + λ2(τ)
]
Ω = 0 (95)
where
λ(τ) =
α1 − α2
2ℓ
=
ℓH˙
2
√
1 + ℓ2H2
≤ 0,
ω¯2(τ) =
p2
a2
− 5
4
H2 +
1
2
H˙. (96)
The bulk urvature ℓ is ontained in λ and the intrinsi brane urvature H is ontained in
ω¯. We highlight the wrong sign in the potential λ(τ) for the salar perturbations sine
H˙(τ) < 0. The brane behaves as a repulsive potential for the salar perturbations so that
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there is no salar gravitational bound state near the brane as long as there is no oupling
to matter on the brane.
The ase of a perfet uid on the brane (with equation of state PM = wρM) gives rise
to some diulties in omputing the evolution of perturbations beause the expansion of
the brane is no longer adiabati. H˙/H2 is not small exept when the uid is subdominant
ompared to the brane tension σ (osmologial onstant). Here we explore the damping of
the uid perturbation on subhorizon sales beause in this regime the adiabati approxi-
mation of the expansion is valid. At subhorizon sales the geometry of the brane appears
quasi-Minkowskian.
The boundary onditions (27) linking the master eld to the uid perturbations on the
brane beome in the approximate bakground geometry (50) near the brane
κ2aδρ = −3H
(
Ω˙′ +
α1
ℓ
Ω˙
)
− p
2
a2
(
Ω′ +
α2
ℓ
Ω
)∣∣∣
ξ=0
,
κ2aδq = −Ω˙′ − α1
ℓ
Ω˙
∣∣∣
ξ=0
,
κ2aδP =
(
Ω¨′ +
α2
ℓ
Ω¨
)
+ 2H
(
Ω˙′ +
α1
ℓ
Ω˙
)
+
(
α˙1
ℓ
+ 2
α˙2
ℓ
)
Ω˙
+
α˙2
ℓH
(
1
ℓ2
− 2
3
p2
a2
)
Ω− α˙2
ℓH
(α1
ℓ
− 2α2
ℓ
)
Ω′
∣∣∣
ξ=0
. (97)
It is possible to simplify the boundary onditions (97) for the salar metri perturbations
by expressing them in terms of the gauge-independent matter perturbation (ρ− σ)∆ =
δρ− 3Hδq. One obtains the following boundary ondition(
Ω′ +
α2(τ)
ℓ
Ω
)∣∣∣
ξ=0
= −κ2 (ρ− σ) a
3
p2
∆(τ). (98)
whih, in terms of the resaled master eld (92), beomes
(∂ξ + λ(τ)) Ω|ξ=0 = −κ2 (ρ− σ) a
3/2
p2
∆(τ), (99)
where λ is given in (96).
The equation of motion for the matter perturbations on the brane an also be derived
from the boundary onditions (97) by imposing an equation of state on the matter pertur-
bations. We onsider adiabati matter perturbations with
δP = c2sδρ, (100)
where the sound speed of the uid is c2s = P˙ /ρ˙. One obtains the equation of motion for
the matter perturbation ∆, similar to the equation obtained in [21℄,
∆¨+
(
8 + 3c2s − 6ǫ
)
H∆˙ +
[
p2c2s
a2
+
(
10 + 6c2s − 14ǫ+ 3ǫ2
) κ2ρM
2ℓ
+
(
5 + 3c2s − 9ǫ
) κ4ρ2M
12
]
∆
= ǫ
p4
3a5
a3/2Ω|ξ=0, (101)
where aording to the braneworld dynamis [4℄,[6℄
H2 =
κ2
3ℓ
ρM
(
1 +
κ2ℓ
12
ρM
)
= − 1
ℓ2
+
κ4
36
ρ2,
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ρ˙ = −3H(P + ρ) = −3H(1 + w)ρM ,
ǫ = 1 + w, ρM = ρ− σ, PM = P + σ. (102)
The equation of state of the uid on the brane is PM = wρM . We may also resale the brane
degree of freedom as e(1/2)
R
(8+3c2s−6ǫ)Hdτ∆→ ∆ to obtain an osillator equation. Therefore
the equations oupling the brane salar perturbations to the bulk salar perturbations may
be summarized in the generi form
Ω¨− Ω′′ + ω¯2(τ)Ω + λ2(τ)Ω = 0,
Ω′|ξ=0 + λ(τ)Ω|ξ=0 = −γ1(τ)∆,
∆¨ + ω20(τ)∆ = γ2(τ)Ω|ξ=0, (103)
where λ and ω¯ are given in (96) and
ω20(τ) =
p2c2s
a2
+
(
10 + 6c2s − 14ǫ+ 3ǫ2
) κ2ρM
2ℓ
+
(
5 + 3c2s − 9ǫ
) κ4ρ2M
12
−1
4
(
8 + 3c2s − 6ǫ
)2
H2 − 1
2
(
8 + 3c2s − 6ǫ
)
H˙ + 9H2ǫ(ǫ− c2s − 1),
γ1(τ) = κ
2ρMa
3/2
p2
e−(1/2)
R
(8+3c2s−6ǫ)Hdτ ,
γ2(τ) = ǫ
p4
3a5
a3/2e+(1/2)
R
(8+3c2s−6ǫ)Hdτ . (104)
The immediate observation is the absene of time derivative ouplings for the brane-bulk
system in (103). Consequently the dissipation of the brane uid into the bulk an only
be nonloal despite the perfet uid being loal (i.e. truly loalized on the brane). Say
otherwise, no loal frition term suh as Γ(τ)∂τ an appear in the eetive equation on
the brane, this means that the dissipation of the brane uid ontains a memory or a time
delay. The nonloal brane-bulk interation omes from the urvature eets.
The underlying physis an be illustrated using the following mehanial model. Con-
sider a string oupled to a harmoni osillator at the boundary with two springs as indi-
ated in Fig. 6. The equations of this model are similar to those obtained for the salar
u(t,x)
ω
2
ω c
min
2
q(t)
ω 
2
0
Figure 6: Mehanial model for braneworld salar perturbations. The string, representing
the bulk gravitons, is oupled by an intermediate spring to a harmoni osillator representing the
brane uid.
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braneworld perturbations
u¨− u′′ + ω2min(t)u = 0,
γ(t)u′|x=0 − ω2c (t)u|x=0 = −ω2c (t)q(t),
q¨ +
(
ω20(t) + ω
2
c (t)
)
q = ω2c (t)u|x=0, (105)
where γ is the string tension expressed as a frequeny, and ω20 and ω
2
c are the spring
onstants of the two springs expressed as frequenies squared. A toy model very similar to
this mehanial system was onsidered in [27℄. The intermediate spring between the mass
and the string plays the role of a buer. In the absene of the buer the oupling with the
string would bring a rst derivative loal term (frition term) in the eetive equation for
the harmoni osillator, indiating a loal dissipation of the osillator down the string.
With no uniform restoring fore on the string, the equations would be
u¨(x, t)− u′′(x, t) = 0,
γu′(x = 0, t)− ωc2u(x = 0, t) = −ωc2q(t),
q¨(t) + (ω0
2 + ωc
2)q(t)− ωc2u(x = 0, t) = f(t) (106)
where f(t) is a foring term. For oeients not depending on time, the ansätze u(x, t) =
u · exp[iω(x− t)], q(t) = q · exp[−iωt], and f(t) = f · exp[−iωt] give
− ω2q(ω) + (ω02 + ωc2)q(ω)− ωc
4
ω2c − iγω
q(ω) = f(ω), (107)
whih may be rewritten as
q¨(t) + (ω0
2 + ωc
2)q(t) +
∫ ∞
0
ds K(s) q(t− s) = f(t) (108)
where
K(t) = −
∫ +∞
−∞
dω
(2π)
ωc
4 exp[−iωt]
ωc2 − iωγ
= −ωc
4
γ
θ(t) exp[−ωc2t/γ]
= −(ωc2λ) θ(t) exp[−λt] (109)
and λ = ωc
2/γ. Consequently, eqn. (108) beomes
q¨(t) + (ω0
2 + ωc
2)q(t)− ωc2λ
∫ ∞
0
ds exp[−λs] q(t− s) = f(t). (110)
In the limiting ase where λ≫ ω0, ωc, we may approximate
λ
∫ ∞
0
ds exp[−λs] q(t− s) ≈ q(t)− λ−1q˙(t), (111)
so that eqn. (110) may be approximated as
q¨(t) + γq˙(t) + ω0
2q(t) = f(t) (112)
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We next onsider the wave equation for the string inluding a restoring term, so that
there is a minimum frequeny ωmin for the propagating modes. One has
u¨− u′′ + ω2minu = 0. (113)
In this ase the kernel is modied to beome
K(t) = −
∫ +∞
−∞
dω
(2π)
ωc
4 exp[−iωt]
ωc2 − iγ
√
ω2 − ω2min
. (114)
When ωmin is not too large, ωmin < λ = ω
2
c/γ, there is an isolated pole at ω = −iΛ where
Λ =
√
ωc4
γ2
− ω2min =
√
λ2 − ω2min (115)
and a branh ut on the real axis extending from ω = −ωmin to ω = +ωmin. To obtain a
ausal kernel, we must take a ontour passing above the branh ut on the real axis. For
t > 0, where the kernel has support, we evaluate the ontour by deforming it so that there
are two ontributions K(t) = K1(t) +K2(t) (see Fig. 7(a)). The rst term originates from
the ontour enirling the pole in the lokwise sense
K1(t) = −(ω2cλ)θ(t) exp[−Λt]
√
Λ2 + ω2min
Λ
. (116)
The seond originates from the ontour enirling the branh ut in the lokwise sense as
indiated in Fig.7(a).
K2(t) = −ω2cλ
∫ +ωmin
−ωmin
dω
(2π)
exp[−iωt]
[
1√
ω2min − ω2 + λ
− 1−
√
ω2min − ω2 + λ
]
. (117)
C 4C 3
(c)(b)(a)
C2
C1
Figure 7: Analytiity properties of the kernel in the omplex plane. Panel (a): if
ωmin < λ = ω
2
c/γ then there is an isolated pole on the lower imaginary axis and a branh ut
[−ωmin,+ωmin] on the real axis. Panel (b) and (): if ωmin > λ = ω2c/γ then the pole moves to
the real axis under the branh ut as well as its mirror image oming from the seond Riemann
sheet. We may deform the branh ut by pushing it to negative innity (panel ()).
As ωmin approahes λ = ω
2
c/γ, the pole on the lower half-plane approahes ω = 0.
There is a seond pole at the mirror image ω = +iΛ. However, this pole lies on the other
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Riemann sheet hidden beyond the branh ut. When ωmin exeeds λ = ω
2
c/γ, these two
poles ollide and satter at right angles so that they lie on the real line on the branh ut
(or just below after the deformation in Fig. 7(b)). We an make both these poles disappear
by deforming the branh ut downward as indiated in g. 7(). The branh ut has been
pushed all the way to negative innity. Now the kernel integral may be expressed as
K(t) = −ω2cλ
∫
C3
dω
(2π)
exp[−iωt]
λ− i
√
ω2 − ω2min
− ω2cλ
∫
C4
dω
(2π)
exp[−iωt]
λ− i
√
ω2 − ω2min
(118)
where the ontours C3 and C4 are indiated in 7(). We may rewrite this as
K(t) = −iω2cλ
∫ ∞
0
dy
2π
(
e−yte−iωmint
λ− i√y(−y − i2ωmin) −
e−yte−iωmint
λ+ i
√
y(−y − i2ωmin)
)
−iω2cλ
∫ ∞
0
dy
2π
(
e−yte+iωmint
λ− i√y(−y + i2ωmin) −
e−yte+iωmint
λ+ i
√
y(−y + i2ωmin)
)
. (119)
In fat this expression also holds for ωmin < λ = ω
2
c/γ. At large times the kernel (119)
behaves asymptotially as
K(t)
t→∞≈ O(1)γ√ωmin cos (ωmint)− sin (ωmint)
t3/2
. (120)
We also ompute the kernel in Fourier spae. With the foring term f(t) = f ·exp[−iωt],
the osillator equation is
− ω2q(ω) + (ω02 + ωc2)q(ω)− ωc
2λ
λ− i
√
ω2 − ω2min
q(ω) = f(ω),
Gˆ−1(ω)q(ω) = f(ω). (121)
The time average of the power transmitted to the osillator (whih is a measure of the
dissipation) is
P¯ =
1
T
∫ T
0
f(t)q˙(t)dt,
= ω (ℜ[f ]ℑ[q]− ℑ[f ]ℜ[q]) ,
= |f |2ωℑ
[
Gˆ(ω)
]
. (122)
If the kernel has no imaginary part, the system exhanges energy but does not dissipate
sine the average power vanishes. For ω < ωmin the imaginary part of the kernel vanishes.
From Gˆ(ω) we dedue the average dissipated power
P¯ = |f |2 ω
2
cλω
√
ω2 − ω2min
λ2 (ω20 − ω2)2 + (ω2 − ω2min) (ω20 + ω2c − ω2)2
(ω2 > ω2min). (123)
The dissipated power is zero when ω2 ≤ ω2min. One an understand qualitatively how the
behavior hanges as ωmin is varied. The string may be regarded as a high pass lter with
threshold ωmin. Only radiation of higher frequeny an esape down the string to innity,
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thus leading to a net ux of power away from the osillator. At lower frequenies the
string is exited around the osillator but in a loalized way with the amplitude deaying
exponentially with distane from the osillator sine the extra momentum k =
√
ω2 − ω2min
from the bulk wave equation beomes imaginary. In this ase there is no dissipation in the
long term beause the string vibrates in phase with the osillator. Of ourse the oupling
shifts the frequeny of the osillator beause the string adds both inertia and restoring fore
to the osillator.
For the brane-bulk system, the threshold is given by
ω2min = λ
2 + ω¯2 (124)
where λ, ω¯ have been omputed in (96). For a weak oupling to the bulk (H˙ ≪ H2), the
frequeny of the brane degree of freedom is only slightly displaed from its bare frequeny
ω0 given in eqn. (104). At subhorizon sales (p≫ aH),
0 < ω20 ≈
c2sp
2
a2
+O
(
H˙
)
< ω2min ≈
p2
a2
+O
(
H˙
)
(125)
beause c2s ≤ 1. Therefore the dissipated power is exatly zero. In the adiabati approxima-
tion, valid on subhorizon sales, the uid annot dissipate into the bulk beause the natural
frequeny of the bulk mode at the same wavenumber is too high to have a resonane.
8 Disussion and onlusions
In this paper we presented analyti approahes to estimate the order of magnitude of
the dissipative eets in braneworld osmology aeting the evolution of both salar and
tensor perturbations on the brane. Beause of the non-uniform expansion of the brane,
the degrees of freedom on the brane interat with the bulk gravitons, possibly leading to
dissipation from the four dimensional perspetive. These eets are enoded in the AdS
bulk retarded propagator. From the dressed brane propagator, obtained by resumming
the bulk bakreation eets at all order in the brane-bulk oupling, we may extrat the
eetive dissipation rate of ertain brane degrees of freedom. We assumed an adiabati
expansion on the brane (H˙ ≪ H2) in order to apply our methods.
Our analyti results provide more intuition on the previous numerial simulations re-
garding braneworld slow-roll ination [23℄. For the salar perturbations with a slow-roll
inaton eld on the brane we obtained, without any other approximation, the loal dis-
sipation rate of the inaton perturbation due to its interation with the bulk gravitons,
Γ ∼ H
(
H˙/H2
) (
Hℓ/
√
1 +H2ℓ2
)
, whih is linear in the slow-roll fator. This is our main
result and agrees with the numerial results obtained by Koyama & al. in [23℄. In the
high-energy limit of braneworld ination (Hℓ≫ 1) the orretion to standard ination due
to the oupling to bulk metri perturbations is found to be linear in the slow-roll fator as
well. Moreover the dependene on Hℓ of the dissipation rate orretly ts the behaviour
of the slow-roll orretion plotted in [23℄.
For the tensor perturbations we enounter purely nonloal brane-bulk interation, that
is why we simplied the bakgound geometry: we expliitely negleted the nonloal pro-
esses on the brane due to baksattering of bulk gravitons in urved AdS assuming that
the dissipation is the dominant eet on the brane by onsidering the near-brane limit
of the bulk geometry (plateau potential). This approximation is well legitimized in the
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high-energy regime of braneworld ination (Hℓ≫ 1) beause the bulk urvature beomes
negligeable ompared to the aeleration of the brane. We were able in this way to ompute
the slow-roll orretion to tensor perturbations due to the oupling of the zero mode with
the ontinuum of bulk gravitons. We found a small attenuation of the growing mode of the
graviton bound state at superhorizon sales and at high energy due to its interation with
the bulk modes and we obtained that this orretion is quadrati in the slow-roll fator,
Γ ∼ H(H˙/H2)2. This is a new result. The inaton eld perturbation thus deays at a
larger rate Γ ∼ H(H˙/H2), linear in the adiabati slow-roll parameter, than the deay rate
the graviton bound state Γ ∼ H(H˙/H2)2, quadrati in the slow-roll parameter at high-
energy. This dierene is the onsequene of the loality of the interation between the
inaton and the bulk modes as opposed to the nonloal interation between the graviton
bound mode and the bulk modes. We also found that an adiabati perfet uid on the
brane does not dissipate into the extra dimension at subhorizon sales beause the mini-
mum frequeny of the bulk modes at the same wavenumber as the uid is too high to have
a resonane. We enounter some diulties in applying analyti methods for the perfet
uid at superhorizon sales beause at suh sales the expansion of the brane is no longer
adiabati, at least when the uid dominates the tension of the brane.
It would be interesting to go beyond the plateau potential approximation by taking into
aount the inhomogeneity of the AdS bulk and the diration of the gravitons by the bulk
whih lead to nonloal eets on the brane. The nonloality is enoded in the AdS bulk
propagator and depends strongly on the bulk urvature. In that sense the exat expression
of the AdS propagator is neessary to ompute the nonloal eets. The urved geometry
of the bulk also requires the existene of metastable gravitons or quasi-bound states on the
brane even if the brane is stati as it was found by Seahra [28℄. We ould ompare the ux
of the tunneling bulk gravitons with the ux of the quasi-bound states. This will be the
objet of a future publiation.
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